A construction of massive free fields with arbitrary spin and reversed spin-statistics relation is presented. In the construction of these fields normal (physical) fields with the same spin are taken as starting point, thus a correspondence between fields obeying normal and reversed spin-statistics relation is established. In particular, the polarization states, (anti)commutators, Feynman propagators and Green functions of the fields with reversed spin-statistics relation can be expressed in terms of those of the normal fields to which they correspond. The cases of the scalar and Dirac fields are discussed in additional detail.
Introduction
It is well-known that in quantum field theory, in addition to clearly physical fields, other fields that are not in every respect physical also have important role. For example, the FaddeevPopov ghost fields [1, 5, 8] appearing in quantized gauge field theories are of this kind. The main non-physical features of these fields are that although they are scalar fields, they are fermionic (anticommuting), and the Fock space generated by their modes has indefinite scalar product.
In this paper an elementary construction of massive free fields with arbitrary spin and reversed spin-statistics relation is presented. In relation to the latter property, the Fock space generated by the modes of these fields also has indefinite scalar product. Regarding other properties, specifically locality and the non-negativity of the energy spectrum, the fields with reversed statistical properties are not different from normal fields.
The construction is given in a formalism that was introduced in [9] , in which elementary (irreducible) higher spin fields ψ (s) are obtained in the form
where Ψ is an auxiliary multi-component Klein-Gordon field, which satisfies canonical (anti)-commutation relations, and D[∂] is a differential operator that projects out the appropriate degrees of freedom from Ψ. This formalism provides canonical field variables and thus it allows the derivation of canonical Hamiltonian equations of motion, if the interaction Hamiltonian operator as a local expression of fields is known. In this respect the formalism of [9] extends that of [2, 4] . The calculation of Feynman propagators, (anti)commutators and Green functions of higher spin fields is also simple if they are given in the form (1.1). A further feature of the formalism of [9] is that it exhibits the reality properties of the fields and of various tensors in a clear and covariant manner. We focus, as in [9] , on fields transforming according to the representations (n/2, m/2) ⊕ (m/2, n/2) and (n/2, n/2), n, m ∈ Z, n, m ≥ 0, of SL(2, C) (the covering group of the Lorentz group), since these are the irreducible real representations of this group. Nevertheless, other types of fields, like the Rarita-Schwinger [6] or the Wigner-Bargmann [7] fields, could be treated in a similar way.
The fields with reversed spin-statistics properties are constructed using data that specifies normal fields. This shows, in particular, that to any normal field a corresponding field with the same spin but reversed spin-statistics relation can be associated.
Our aim is mainly to get an overview of the fields that may in principle appear in a quantum field theoretical model, and specifically to extend the survey of fields given in [2, 3, 4] by considering fields with reversed spin-statistics relation. We stress that we do not make any restrictive assumption about the role of these fields; in particular we do not assume that they are Faddeev-Popov-De Witt type ghost fields.
Higher spin fields have attracted much interest for several decades, and their investigation continues also in the present days. For an incomplete collection of recent results we refer the reader to [12] - [40] . The constant interest in higher spin fields can be explained partially by the fact that it is not easy to construct consistent models for their interactions. We restrict ourselves to the construction of free fields and thus deal with a much simpler problem, nevertheless we hope that our elementary discussion can still be of interest. As far as we know, a similar discussionwhere µ is the mass parameter and Π α is the momentum field corresponding to Ψ α . The components Ψ α of Ψ are indexed by α = 1, . . . , N . In the fermionic case N is even and ǫ αβ is a nondegenerate antisymmetric and purely imaginary matrix:
In the bosonic case ǫ αβ is a nondegenerate symmetric and real matrix:
We denote the inverse of ǫ αβ by ǫ αβ ; thus
The Hamiltonian operator can be expressed in terms of these operators as
12)
The Heisenberg equations of motion for Ψ α and Π α are 14) which imply that Ψ α satisfy the Klein-Gordon equation
The Lagrangian for Ψ α is 16) where Ψ α is a complex valued field in the bosonic case and a complex Grassmann-algebra valued field in the fermionic case. In the bosonic case the dagger † denotes simple complex conjugation, but to fermionic quantities the rule (ϕχ) † = χ † ϕ † applies instead of (ϕχ) † = ϕ † χ † . The EulerLagrange equation corresponding to (2.16 ) is the Klein-Gordon equation above.
The canonical momentum for Ψ α is 17) where L denotes the Lagrangian density. The canonical equal time (anti)commutation relations are then
in the bosonic case, and
in the fermionic case. The relation betweenΠ α and Π α is
in the bosonic case and
in the fermionic case.
Fock space
The Fock space is spanned by the vacuum state |0 , which is annihilated by the operators a α (k), b α (k), and by the multi-particle states
where k a1 , k a2 , . . . , k aj , k b1 , k b2 , . . . , k bl are the momenta of the particles and p a1 , p a2 , . . . , p aj , p b1 , p b2 , . . . , p bl are their polarization vectors. The polarization vectors have N components that can take arbitrary complex values. On the space of polarization vectors, which we denote byV , we introduce the scalar product
Here the * denotes componentwise complex conjugation. On the dual space, denoted by V , we introduce the scalar product
The (anti)commutation relation of the creation and annihilation operators for particles in general polarization states is
This shows that the creation and annihilation operators of particles that have orthogonal polarizations with respect to , (anti)commute. The scalar product on one-particle states is 27) where the subscript a indicates, as above, that the particles are created by the operators a † . The same formula applies to particles created by the operators b † . It is straightforward to extend this formula to multi-particle states; see [9] . The eigenvalue of H on a state of the form
, in particular the spectrum of H is non-negative.
As can be seen from (2.27), the definiteness properties of the scalar product on the Hilbert space defined above are determined by the signature of the scalar product , given in (2.23). In the case of fermions, , has the signature (N/2, N/2), whereas in the case of bosons , has the same signature as ǫ αβ .
Feynman propagators, Green functions, (anti)commutators
The Green function for Ψ is
and we have 0|Ψ †
The function G, defined by
The function D F , defined as
is the Feynman propagator of the usual Klein-Gordon field, and T denotes time ordering.
Lorentz transformation properties
For simplicity, in the previous sections the auxiliary multi-component Klein-Gordon fields were introduced without defining Lorentz transformation properties for them. We proceed now by defining Lorentz-covariant auxiliary multi-component Klein-Gordon fields.
The definition of a Lorentz-covariant multi-component Klein-Gordon field Ψ is as follows. 1) Let D be a finite dimensional real representation of the group SL(2, C). In the bosonic (commuting) case, D should be a bosonic (integer spin) representation, whereas in the fermionic (anticommuting) case D should be fermionic (half-integer spin). A representation D is bosonic or fermionic if its decomposition into irreducible representations contains only bosonic or fermionic, respectively, components. An irreducible representation (n/2, m/2), n, m ∈ Z, n, m ≥ 0, is bosonic if n + m is even and fermionic if n + m is odd. D is the representation according to which Ψ will transform. 2) An invariant complex conjugation in D should be chosen; the reality of D ensures, by definition, that this is possible.
3) An arbitrary basis consisting of real vectors in D should also be chosen; the components Ψ α are considered as vector components of Ψ with respect to this basis. Thus Ψ has dim(D) components. In this basis the invariant complex conjugation coincides with componentwise complex conjugation. 4) Further, an invariant tensor ǫ αβ should be chosen so that it have the properties required of the ǫ αβ tensor used in the previous sections (these properties were described at the beginning of Section 2.1). The properties of D ensure that such an ǫ αβ tensor exists. This tensor will serve as the ǫ αβ tensor that appears in the general definition of multi-component Klein-Gordon fields. 5) The SL(2, C) transformation rule for Ψ takes the usual form 
nevertheless other representations could be treated similarly to these cases. D (n,m) andD (n) are the real irreducible representations of SL(2, C), therefore they are the simplest possible choices for D. Any other finite dimensional real representation can be decomposed into a direct sum of these representations. D (1, 0) is the Dirac representation and D (1) is the usual vector representation.
In [9] we also made specific choices for the invariant complex conjugation and ǫ αβ , which we will not describe here in any detail. Nevertheless, we describe these objects explicitly in the case of the Dirac field in Section 5.
The number of the components of Ψ is dim(D (n,m) ) = 2(n + 1)(m + 1) and dim(D (n) ) = (n + 1) 2 , respectively, in these cases. In the case of D = D (n,m) , Ψ is bosonic if n + m is even and fermionic if n + m is odd. In the case of D =D (n) , Ψ is bosonic for any value of n.
The transformation properties of Ψ under charge conjugation, space and time reflection (C, P , T ) transformations take the form
where P α β and T α β are suitable matrices.
Particle spectrum
In order to determine what kind of particles are described by Ψ, the space of allowed polarization vectors for any momentum k, which is D * , should be decomposed into irreducible representations of the SU (2) little group that leaves the momentum four-vector (ω(k), k) invariant. Along with D * it is worth considering D as well. Due to Lorentz symmetry it is sufficient to focus first on k = 0, and then obtain the decomposition corresponding to k = 0 by boost. In the following we continue with the case of D = D (n,m) , and discuss the case of D =D (n) subsequently.
In the representations D (n,m) it is possible to find basis vectors u (s)i , v (s)i ; s = (n−m)/2, (n− m)/2 + 1, . . . , (n + m)/2; i = 1, . . . , d s ; d s = 2s + 1; so that the orthogonality relations
hold, where , denotes the scalar product introduced in Section 2. 
These vectors also satisfy the orthogonality relations 
, and is in accordance with the fact that for any k the decomposition of both D (n,m) * and D (n,m) into irreducible representations of the corresponding SU (2) little group is
The following completeness relations can be written down for 
thus (2.51) can also be written in the form
where the notationū
is used. In the case of the Dirac field,ū is the Dirac-conjugate of u (see Section 5), therefore (2.54) has a form that is more familiar from textbooks than (2.51). However, (2.51) is more general than (2.54), since it does not make use of the orthogonality properties of u (s)iα (k) and
The creation operators that create particles with polarizationsû
where Λ(k) is the boost defined as above. The same formula applies also to
It follows from (2.25), (2.26) and (2.49) that the operators By making use of relations (2.51) and (2.52), Ψ can be expressed in terms of c (s
The values of s over which the summation is done here are (n−m)/2, (n−m)/2+1, . . . , (n+m)/2. This formula, along with the properties of the polarization vectors discussed above, shows that Ψ describes 4 kinds of particles of mass µ for any value of s. Two of them are physical and two are non-physical (in the sense that the one-particle states have negative scalar product with themselves). The Hamiltonian operator can be expressed as
The case of D =D (n) is very similar to the case of D = D (n,m) ; the main difference is that the basis vectors u (s)i are defined now only for s ∈ S + = {n, n − 2, n − 4, . . . }, whereas v (s)i are defined only for s ∈ S − = {n − 1, n − 3, n − 5, . . . }. (S + and S − can be interchanged by changing the sign of ǫ αβ .) The decomposition ofD (n) andD (n) * into irreducible representations of the SU (2) little group corresponding to any momentum k is
The completeness relations have to be modified in the following obvious way:
The mode expansion of Ψ takes the form
where
In the present case Ψ describes two kinds of physical particles of mass µ for any value of s ∈ S + and two kinds of non-physical particles of mass µ for any value of s ∈ S − (again, the nonphysical nature is understood to mean that the one-particle states have negative scalar product with themselves). In particular, ψ and ψ † create the physical particles and ψ − and ψ − † the non-physical ones. The Hamiltonian operator can be written as
In the following, polarization vectorsû (s)i (k),v (s)i (k) having the properties described in this section will be called standard polarization vectors. It should also be noted that these standard polarization vectors are usually chosen so that they have the additional property of being eigenstates of the SU (2) little group generator Λ D * (k)M 3D * Λ D * (k) −1 . More details about the standard polarization vectors can be found in [9] .
Elementary higher spin fields
In this section the last step in the construction of higher spin fields is described. We continue to focus on the representations D = D (n,m) and D =D (n) , treating these cases together.
As was seen in Section 2.3, the fields Ψ can create states that have negative scalar product with themselves. Moreover, Ψ can generally create states with several different spins, except in the cases D = D (n,0) . An elementary complex higher spin field ψ (s) that creates states with a specific spin s and having positive scalar product with themselves can be obtained from Ψ by applying to it a suitable real Poincaré-invariant differential operator D (s) [∂] , which projects out the desired modes: 
Thus ψ (s) satisfies in addition to the Klein-Gordon equation
has the following action on the standard polarization modes of Ψ: which projects out the non-physical modes from Ψ (i.e. that part of Ψ which creates one-particle states that have negative scalar product with themselves) can also be introduced. On the standard polarization modes of Ψ it has the following action (for all values of s): 
Complex conjugation of these formulas gives 
ψ (s) also satisfies the differential equation
The properties (2.76)-(2.79) of D (s) [∂] imply that ψ (s) has the mode expansion
This shows that ψ (s) describes a pair of particles of mass µ and spin s.
Here the subscript in ∂ (tx,x) indicates the variables with respect to which the differentiation should be done.
The covariant part of the Feynman propagator 
Generally it is an algebraic problem to find the D (s) [2, 3, 4] (see also [9] ). Explicit expressions for relevant projection operators for the Rarita-Schwinger fields are also available in the literature, e.g. in [10, 11, 13] .
We note that real fields can be obtained simply by taking the real or imaginary part of the complex fields: for a complex field Ψ, 
These real fields describe half as many particles as the complex fields do.
Fields transforming according to the representations (n/2, m/2), n = m (i.e. chiral fields) can also be obtained from the fields that transform according to D (n,m) by projection on the (n/2, m/2) or (m/2, n/2) component. More details on real and chiral fields can be found in [9] .
The C, P , T transformation properties of ψ (s) are determined by (2.43), (2.44), (2.45) and (2.72). Generally P, T and D (s) [∂] should be chosen so that the C, P , T transformation properties of ψ (s) be the same as those of Ψ.
Regarding the construction of interaction Hamiltonians from higher spin fields, we refer the reader to [4, 2, 13] , and to [9] , especially Section 5.4.
Fields of arbitrary spin with reversed spin-statistics relation
We turn now to the description of the construction of fields with reversed spin-statistics relation (abbreviated hereafter as RSS fields) in the framework described in Section 2. The RSS fields will be constructed from normal fields; more precisely, data that specify RSS fields will be constructed from data used to specify the normal fields. We do not introduce extra notation to distinguish RSS fields from normal fields.
The main ingredients in the definition of a normal higher spin field are the representation D, the bilinear form ǫ αβ , the invariant complex conjugation, the real basis vectors in D, the standard polarization vectors, and the projection operator D (s) [∂] . Assuming that these objects are given, a corresponding new SL(2, C) representation, bilinear form, complex conjugation, real basis vectors, standard polarization vectors and projection operator, which will characterize the RSS field that corresponds to the original normal field, can be defined, as described below. The RSS fields obtained in this way will fit entirely in the framework of Section 2, with the only difference that bosonic RSS fields will transform according to half-integer spin representations of SL(2, C) and fermionic RSS fields according to integer spin representations.
For the representation D RSS according to which the RSS auxiliary field Ψ transforms we take the direct sum of two copies D A and D B of the representation D:
where the subscripts A and B are introduced to identify the two components of the direct sum. We use the notation We define the invariant complex conjugation in D RSS in a straightforward way via the complex conjugation in the two components D A and D B :
For dual vectors we have thenÛ * = (Û A * ,Û B * ) . For the invariant bilinear form on D RSS we take the tensorǫ defined as
where ǫ denotes the invariant bilinear form on D.ǫ can be written in block matrix form as
If ǫ is real and symmetric, thenǫ is purely imaginary and antisymmetric, and vice versa. This implies that the normal auxiliary field, to which D and ǫ belong, and the corresponding RSS auxiliary field have opposite commutation properties.
The inverse ofǫ is given bỹ
ǫ −1 can be written in block matrix form as
The (anti)commutation relations
of the RSS auxiliary field Ψ and of the corresponding momentum field Π can be written in terms of the components Ψ A , Ψ B , Π A , Π B as
The Feynman propagator for Ψ is given by the formulas (2.32)-(2.35) with the replacement ǫ →ǫ. In terms of the component fields Ψ A and Ψ B we have
Polarization vectors and particle spectrum
The spectrum of particle states that can be created by Ψ and Ψ † can be found in the same way as in Section 2.3. We define for all values of i the polarization vectorsÛ
The non-zero scalar products of these polarization vectors are
The corresponding dual polarization vectors are
In the case when D = D (n,m) , the completeness relation for these polarization vectors takes the form
The complex conjugate of this relation is
In the case when D =D (n) , the completeness relations for the polarization vectors take the form
The creation operators corresponding to the above polarization vectors can be defined as
These operators satisfy the (anti)commutation relations 
The mode expansion formula (3.44), together with the properties of the polarization vectors described above, shows that in the case of D = D (n,m) Ψ describes 8 kinds of particles of mass µ for any value of s, of which 4 are physical and 4 are non-physical (in the sense that the one-particle states have positive and negative scalar product with themselves, respectively). Formulas (3.46) and (3.47) show that in the case of D =D (n) Ψ describes 4 kinds of particles of mass µ for any value of s ∈ S + or s ∈ S − of which 2 are physical and 2 are non-physical.
The definition of the polarization vectorsÛ
shows that to each normal (non-RSS) one-particle state there corresponds two RSS one-particle states, of which one is physical and one is non-physical (regarding the positivity properties of the scalar products of these states with themselves). The members of these pairs of RSS particles are distinguished in notation by the letters U and V .
Since the RSS auxiliary field Ψ fits in the framework of Section 2.1, the energy of all states that can be created by Ψ and Ψ † is positive, i.e. in this respect the RSS fields are not nonphysical.
Elementary higher spin fields with reversed spin-statistics relation
In this section we turn to the definition of elementary higher spin RSS fields, which have definite spin. For the definition of these fields we take the projection operators The block diagonal form ofD (s) [∂] implies that
We also define the projection operatorD − [∂] in the same manner.
has the following action on the dual polarization vectors introduced in Section 3.1:
Here the second four equations are obtained from the first four equations by complex conjugation. The action ofD − [∂] on the dual polarization vectors is
Again, the second four equations are obtained from the first four equations by complex conjugation.
can be expressed in terms of the polarization vectors as
Complex conjugation of these formulas gives
form a complete set of projectors on the space of the solutions of the Klein-Gordon equation:
ψ (s) has the mode expansion
the other modes that are present in Ψ are eliminated byD (s) [∂] . In addition to the Klein-Gordon equation, ψ (s) also satisfies the differential equations
The expansion (3.73) shows that ψ (s) describes 4 kinds of particles of mass µ and spin s, of which two are physical and two are non-physical (regarding the positivity properties of the scalar product). In accordance with the statistical properties of Ψ mentioned in the first part of Section 3, these particles are bosonic if s is half-integer and fermionic if s is integer, in contrast with the usual spin-statistics relationship that applies to the normal fields.
The (anti)commutator, Green function and the covariant Feynman propagator of the ψ (s) fields is given by the general formulas (2.91), (2.92), (2.95), in whichǫ andD (s) [∂] should be used, of course. In terms of the components ψ (s)A and ψ (s)B the covariant Feynman propagator is
and we have
All Feynman propagators, (anti)commutators and Green functions of two daggered or two nondaggered fields are zero. Real or chiral RSS fields can be defined in the same way as described at the end of Section 2.4. In the construction of chiral fields the same projection should be applied on the components Ψ A and Ψ B or ψ (s)A and ψ (s)B . The real elementary RSS fields describe only one pair of particles, consisting of a physical and a non-physical particle (regarding the positivity properties of the scalar product).
The transformation properties of the RSS fields under C, P and T are defined so that the components Ψ A and Ψ B , or ψ (s)A and ψ (s)B do not mix, and the transformation rule for these components is given by the formulas (2.43), (2.44), (2.45).
The fields ψ (s) are elementary in the sense that they describe particles with definite mass and spin, and their real and imaginary parts φ (s)1 and φ (s)2 describe the minimal number, namely two, of such particles. It is not possible for an RSS field to describe a single particle, since that would violate the spin-statistics theorem.
It is also interesting to note that the components φ (s)1A , φ (s)1B and φ (s)2A , φ (s)2B are null fields, i.e. they create only states that have zero scalar product with themselves.
Scalar fields
In this section we describe the special case of the scalar RSS field, with the aim of showing explicitly how the well-known Faddeev-Popov ghost field fits into the framework described in Section 3.
Normal scalar field
In the case of the normal (non-RSS) complex scalar field the space of polarization vectors is one-dimensional, and we have ǫ = 1 , (4.1)
The projection operator is trivial (D[∂] = I), thus the auxiliary field is identical to the physical field. The mode expansion of the complex scalar field takes the form
The equal-time commutation relations of ψ are 6) where π = ∂ t ψ. The Feynman propagator of ψ is
where D F is the function defined in Section 2.1.2.
Fermionic scalar field
The ǫ tensor for the RSS scalar field is theñ 8) and the standard polarization vectors arê
In particular,Û u (k) andV u (k) are independent of k. The non-zero scalar products of these polarization vectors are
The creation operators corresponding to the above polarization vectors are
, which have the following non-zero anticommutators:
14)
The projection operatorD[∂] is again just the unit operator, thus the mode expansion of the RSS scalar field is
In particular,
The non-zero equal-time anticommutation relations of ψ are given by (3.12)-(3.15):
where π A = ∂ t ψ A and π B = ∂ t ψ B . Similarly, the Feynman propagator of ψ is given by (3.16)-(3.19):
The Lagrangian (2.16) for the RSS scalar field is
The Lagrangian for a real RSS scalar field φ is obtained by omitting the imaginary part of ψ:
27)
. The fields φ A and φ B appearing here are obviously real, i.e. φ †
By introducing the fields c andc as
we get the usual form of the scalar ghost field Lagrangian (see e.g. [8] )
Using (2.95) the propagator 0|Tc(x, t x )c(y, t y )|0 is found to be 30) which, after setting µ = 0, is also in agreement with the standard expression (see e.g. [8] ). For 0|Tc(x, t x )c(y, t y )|0 it is found that 0|Tc(x, t x )c(y, t y )|0 = − 0|Tc(x, t x )c(y, t y )|0 . (4.31)
The anticommutation relations of c andc are
The mode expansion of c andc can be derived from that of ψ A and ψ B above in a straightforward way.
Dirac fields
In this section we discuss the case of the Dirac field in more detail. In particular, we also present the direct Lagrangian formulation (in which the auxiliary field is not used) both for the normal and for the RSS Dirac field.
We use the overbar notationψ
In the following it will be seen that this coincides with the usual Dirac conjugate.
Normal Dirac field
In the case of the normal Dirac field, the projection operator is
and
The Dirac field ψ thus satisfies the differential equation 
The general formula (2.95) gives the Feynman propagator as
where k µ ≡ (k 0 , k).
In [9] we took a real basis in D (1,0) with respect to which the gamma matrices have the form The standard dual polarization vectors at k = 0 in [9] were
The corresponding polarization vectors arê
The Dirac equation can be derived from the Lagrangian
where ψ is understood to be an anticommuting field. The canonical momentum field corresponding to
The canonical anticommutation relation
together with (5.14), is equivalent to (5.6). The Hamiltonian that can be derived from (5.13) is
In the representation described above, the matrix of ǫ is the same as the matrix of γ 0 , thusψ is just the Dirac conjugate of ψ, and the Lagrangian (5.13) is also the usual Lagrangian for the Dirac field. In addition, (γ 0 ) α ρ ǫ ρβ = δ αβ holds, thus the anticommutation relation (5.6) agrees with the usual one. The basis in which γ µ takes the above form is related to the Weyl basis, in which γ µ has the form 17) where where I denotes the 2 × 2 identity matrix, by a unitary (but not real) matrix, therefore the transition between these two bases leaves the form {ψ α (x, t), ψ † β (x ′ , t)} = δ αβ δ 3 (x − x ′ ) of (5.6) invariant. The usual formψ = ψ † γ 0 of the Dirac conjugate also remains unchanged, since this form of the Dirac conjugate is unchanged under any basis change that is described by a unitary matrix. From these observations we can conclude that the Dirac field in our formulation is equivalent to the usual formulation in the Weyl representation.
We note that the formula (5.1) appears more suitable as a definition of the Dirac conjugate than the usualψ = ψ † γ 0 , since the latter is not obviously Lorentz-covariant, in contrast with (5.1). In addition, (5.1) is meaningful for all the fields studied in this paper, not only for the Dirac field, and thus it can also be considered as a wide generalization of the Dirac conjugation. Of course, it should be kept in mind that in (5.1) it is assumed that the indices label vector and tensor components with respect to a real basis in D. If a complex basis (like for example the Weyl basis in D (1, 0) ) is used, then the formula for the Dirac conjugation takes the form ψ β = J α γ ψ † γ ǫ αβ , where J is the matrix of the invariant complex conjugation in this basis. J is defined by the formula (v * ) α = J α β v * β , where the * on the left hand side denotes the invariant complex conjugation in D, whereas on the right hand side * is the componentwise complex conjugation. Thus J is the matrix that describes the relation between the invariant complex conjugation and the componentwise complex conjugation in the actually used basis.
Bosonic Dirac field
Taking into consideration (5.2) and the general definition (3.48) of projection operators for the RSS fields, we haveD
The RSS Dirac field ψ = √ 2µD (1/2) [∂]Ψ satisfies the differential equation (3.74), i.e. 20) which is equivalent to the Dirac equation for the two components ψ A , ψ B :
From the commutation relations of the auxiliary field Ψ and from the relation ψ = √ 2µD (1/2) [∂]Ψ it follows that ψ satisfies the commutation relation
which implies the commutation relations In terms of the components ψ A , ψ B , this Lagrangian takes the form
The canonical momentum corresponding to ψ α is
The canonical commutation relation 
Summary
In this paper a construction of free massive quantum fields with arbitrary spin and reversed spin-statistics relation was presented. In relation to their spin-statistics property, these fields (abbreviated as RSS fields) also have the characteristic property that they create one-particle states that form pairs consisting of one state that has positive scalar product with itself and another one that has negative scalar product with itself. For the construction a framework introduced in [9] for higher spin fields was used. This involves the definition of auxiliary higher spin fields, which are constrained only by the KleinGordon equation and which are quantized canonically. An elementary higher spin field is obtained from an auxiliary field by the application of a suitable projection operator, which is a differential operator and is closely related to the propagator of the field.
In the framework of [9] a higher spin field is specified if certain data, including the representation of SL(2, C) according to which the field transforms, an invariant tensor ǫ αβ , and the projection operator applied to the auxiliary field, is given. In the presented construction of RSS fields these data are created from similar data specifying normal higher spin fields. The details of the construction show that for any normal field there exists a corresponding RSS field with the same spin.
The SL(2, C) representation for an RSS field, related to some normal field, is taken to be the direct sum of two copies of the representation according to which the normal field transforms, thus any RSS field ψ has two parts ψ A and ψ B corresponding to these copies. The statistical properties of a field depend on whether the tensor ǫ αβ belonging to it is symmetric or antisymmetric, and the doubling of the representation according to which the field transforms makes it possible to define an ǫ αβ tensor, in terms of the original ǫ αβ tensor that belongs to the normal field, with symmetry property opposite to that of the original ǫ αβ tensor. It is this definition by which the reversed spin-statistics property of the RSS fields is achieved. The projection operator for the RSS field is just the original projection operator acting separately on the two parts of the RSS field, hence these two parts satisfy in themselves the same field equations as the original normal field.
As mentioned above, the RSS one-particle states form pairs; for each one-particle state of the normal field there is a corresponding pair of RSS one-particle states of which one has positive scalar product with itself and one has negative scalar product with itself. The Feynman propagators, the (anti)commutators and the Green functions of the RSS field can also be expressed in terms of those of the normal field in a straightforward way.
As illustration the scalar field and the Dirac field were discussed. In the case of the scalar field the aim was to show how the scalar Faddeev-Popov ghost field fits into the framework presented in this paper. The bosonic Dirac field was discussed because it is the simplest bosonic RSS field and because of the importance of the (fermionic) Dirac field in particle physics. It was shown that the RSS Dirac field admits a first order Lagrangian formulation (without the auxiliary field) similar to that of the normal Dirac field. It was also pointed out that by making use of the ǫ αβ tensor the Dirac conjugation can be written in an obviously covariant form, and in this form it can be generalized naturally to any other field described in the framework of [9] and of the present paper.
Regarding further work, it would obviously be interesting to find applications of the RSS fields, different from their known application as ghost fields in the Faddeev-Popov-De Witt and related methods.
